In this paper, we derive the approximate maximum likelihood estimators(AMLEs) and maximum likelihood estimator of the scale parameter in a triangular distribution based on progressive Type-II censored samples. We compare the proposed estimators in the sense of the mean squared error through Monte Carlo simulation for various progressive censoring schemes.
Introduction
The cumulative distribution function(cdf) and the probability density function(pdf) of the random variable having the triangular distribution are given by 
where σ > 0 and 0 < λ < 1. A triangular distribution is specified by its minimum, maximum and mean values. It doses not have to be symmetric, it can be skewed to the left or right by entering a mean value less than or greater than the average of the minimum and maximum values.
The distribution emerges in numerous papers dealing with the Project Evaluation and Review Technique-PERT (see, Moder and Rodgers, 1962; Keefer and Verdini, 1993; Johnson, 1997) .
As a special case, when σ = 1 and λ = 1/2, it become symmetric standard triangular distribution. The mode of this triangular distribution with σ = 1 is x = λ and the value of the pdf at the mode is always 2, whatever the value of λ (see Figure 1 .1). Johnson (1997) studied the possibility of using the more intuitively obvious triangular distribution as a proxy for the beta distribution. von Drop and Kotz (2002) investigated the four-parameter two-sided power(TSP) distribution which is an extension of the threeparameter triangular distribution. Some properties of the triangular distribution was studied by Balakrishnan and Nevzorov (2003) .
In most cases of censored and truncated samples, the maximum likelihood method does not provide explicit estimators. So we need another method for the purpose of providing the explicit estimators. The approximated maximum likelihood estimation method was first developed by Balakrishnan (1989) for the purpose of providing the explicit estimators of the scale parameter in the Rayleigh distribution. Balakrishnan and Wong (1991) derived the approximated maximum likelihood estimator(AMLE) of the scale parameter of the half-logistic distribution with Type-II right censoring. They also studied the bias and variance of proposed estimator. Kang (1996) obtained the AMLE for the scale parameter of the double exponential distribution based on Type-II censored samples and showed that the proposed estimator is generally more efficient than the best linear unbiased estimator(BLUE) and the optimum unbiased absolute estimator.
The scheme of the progressive Type-II censoring has been suggested in the field of life-testing experiments. It makes allowance for the removal of live units from the experiment at various stages in an attractive feature as it will potentially save a lot for the experimenter in terms of cost and time. Viveros and Balakrishnan (1994) derived explicit expressions for the BLUEs of the parameters of the exponential distributions. They also developed a conditional method of inference to derive exact confidence intervals for the parameters of the extreme value distribution. Balasooriya et al. (2000) studied the progressively censored sampling plan for the Weibull distribution. Ng et al. (2002) discussed the estimation of parameters from progressively censored data using the EM algorithm. suggested point and interval estimation for Gaussian distribution based on progressive Type-II censored samples. Balakrishnan et al. (2004) studied point and interval estimation for the extreme value distribution based on progressively Type-II censored samples. Balakrishnan and Asgharzadeh (2005) discussed the maximum likelihood estimator(MLE) of the scale parameter of the half-logistic distribution based on progressive Type-II censored samples. They also provided the AMLE of the scale parameter of the half-logistic distribution based on progressive Type-II censored samples. Lin et al. (2006) discussed the MLEs of the parameters of the log-gamma distribution based on progressive Type-II censored samples and they derived the AMLEs of the parameters and used them as initial values in the determination of the MLEs through the Newton-Raphson method. Kim (2006) dealt with the problem of estimating parameters of Burr Type-XII distribution, on the basis of a general progressive Type-II censored samples using Bayesian viewpoints. Seo and Kang (2007) proposed the AMLEs of the scale parameter when the location parameter is known and the AMLE of the location parameter when the scale parameter is known in the two-parameter Rayleigh distribution based on progressive Type-II censored samples. They also proposed the AMLEs of the location and scale parameters in the two-parameter Rayleigh distribution based on progressive Type-II censored samples when two parameters are unknown.
Recently, Lee et al. (2008) proposed the AMLEs of the scale parameter in a triangular distribution based on multiply Type-II censored samples by the approximate maximum likelihood estimation methods. Han and Kang (2008) derived the AMLEs of the scale parameter and the location parameter in a double Rayleigh distribution based on multiply Type-II censored samples.
In this paper, we derive the AMLEs and the MLE of the scale parameter σ when the shape parameter λ is known in the triangular distribution under progressive Type-II censoring. The scale parameter σ is estimated by approximate maximum likelihood estimation method using two different types of Taylor series expansions. We compare the proposed estimators in the sense of the mean squared error through Monte Carlo simulation for various progressive censoring schemes.
Maximum Likelihood Estimation
We will discuss the maximum likelihood estimation of the scale parameter based on progressive Type-II censored samples. Let X 1:m:n , . . . , X m:m:n be a progressively Type-II censored sample from a triangular distribution, with the progressive censoring scheme (R 1 , . . . , R m ).
If R 1 = · · · = R m = 0, we have n = m which corresponds to the complete sample. If R 1 = · · · = R m−1 = 0, then R m = n − m which corresponds to the conventional Type-II right censoring sample. This generalized censoring scheme is called Progressively Type-II censoring. Further details and extensive references on progressive censoring may be obtained from the book by Balakrishnan and Aggarwala (2000) .
The likelihood function based on the progressively Type-II censored sample is given by
where
The random variable Z i:m:n = X i:m:n /σ has a standard triangular distribution with pdf and cdf:
From the equation (2.1), the log-likelihood function may be written as
where K is a constant. On differentiating the log-likelihood function with respect to σ in turn and the equation to zero, we obtain the estimating equation as
We can find the MLE of σ as valuesσ that maximize the log-likelihood function in (2.2) by solving the equation ∂lnL/∂σ = 0. Since the equation (2.3) cannot be solved explicitly, a numerical method may be used for the numerical determination of the MLE. We evaluated the mean squared errors of σ using the bisection method. These values are given in Table 4 .1.
Approximate Maximum Likelihood Estimators
Since the log-likelihood equation do not admit explicit solutions, it will be desirable to consider an approximation to the likelihood equation which provide us with explicit estimator for the scale parameter. Let By substituting the equations (3.1) and (3.2) into the equation (2.3), we may approximate the likelihood equation in (2.3) by
We can derive an estimator of σ as follows:
Since α 1i > 0, γ 1i < 0, δ 1i > 0 and β 1i ≤ 0, the estimatorσ 1 is always positive. Second, we can approximate the following functions By substituting the equations (3.5) and (3.6) into the equation (2.3), we may approximate the likelihood equation in (2.3) by
Upon solving (3.7) for σ, we can derive the other estimator of σ as follows:
Upon solving (3.7) for σ we get quadratic equation in σ which has two roots; however, one of them drops out since β 2i < 0 and δ 2i > 0 hence B < 0.
The Simulated Results
The simulations were carried out for sample size n = 10(5)20, 30, 40 and different choices of the effective sample size m and different progressive censoring schemes with the complete sample in each case. For simplicity in notation, we will denote the schemes (0, 0, . . . , n − m) by ((n − m) * 0, n − m), for example, (10 * 0) denotes the progressive censoring scheme (0, 0, . . . , 0) and (3 * 0, 2, 2, 0) denotes the progressive censoring scheme (0, 0, 0, 2, 2, 0).
The mean squared errors of the proposed AMLEs and MLE are simulated by Monte Carlo method(based on 10,000 Monte Carlo runs) for sample size n = 10(5)20, 30, 40 and various choices of censoring under progressive Type-II censored sample when λ = 0.2, 0.5, 0.8. These values are given in Table 4 .1.
From Table 4 .1, the estimatorsσ 1 andσ 2 are generally more efficient than the maximum likelihood estimatorσ.
The estimatorσ 1 is the linear function of available order statistics. So the estimator σ 1 is a more simple estimator than the estimatorσ 2 . But the estimatorσ 2 is generally more efficient than the estimatorsσ 1 andσ in the sense of the MSE.
For sample size n = 10 and the progressive censoring scheme (5 * 0, 4)(right Type-II censored sample), the estimatorsσ 1 andσ 2 are more efficient than the maximum likelihood estimatorσ when λ < 0.5. But the maximum likelihood estimatorσ is more efficient than the estimatorsσ 1 andσ 2 when λ ≥ 0.5.
The MSE of the estimatorσ decreases as λ increases. As expected, the MSEs of all estimators decrease as sample size n increases. For fixed sample size, the MSE increases generally as the number of unobserved or missing data n − m increases. The MSE of the estimatorσ 1 decreases as λ increases when n ≥ 30.
Discussion
Application and estimation of the parameters in the triangular distribution was studied by some authors. However, previous studies obtained the maximum likelihood estimator of the shape parameter for complete data.
In this study, we just derive the AMLEs and the MLE of the scale parameter σ when the shape parameter λ is known in the triangular distribution under progressive Type-II censoring. The scale parameter σ is estimated by approximate maximum likelihood estimation method using two different types of Taylor series expansions. We evaluated the mean squared errors of the MLEσ of σ using the bisection method.
However, we can't evaluate the value of the proposed estimators using a raw data because we assume that the shape parameter λ is known.
In future study, we will consider the estimation of the scale parameter σ and the shape parameter λ in the triangular distribution under progressive Type-II censoring when two parameters are unknown and evaluate the value of the proposed estimators using some raw data. 
